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MOMBBTS DUB TO AILSROB DBFLBCTIOB IB 
CLOSED RBOTABGULAR .VIBD TUBBBLS 
By Donald J. Graham 


SUMMARY 

A method is developed for caloulating the tunnel-wall 
corrections to rolling .and yawi.ng moments due to aileron de- 
flection on models in closed rectangular wind tunnels* 

Graphs are presented which permit a rapid determination of 
these corrections for models mounted in 7“ "by 10-fcot or 0- 
hy 12-foot wind tunnels. The method is so developed that 
the corrections may he calculated for the deflection of 
either aileron alone or both ailerons simultaneously. 


IBTRODUCTIOB 

In the prediction of the aerodynamic characteristics of 
alrnlanes in free flight from wind-tunnel tests of scale 
models, it 1 b necessary first to evaluate the modifying ef- 
fect of the tunnel walls on the forces and moments experi- 
enced by the models. This general problem of wind-tunnel- 
wall interference effects accordingly has become the subject 
of many investigat ions. • 

It often is desired to predict the rolling and yawing 
characteristics of airplanes in free flight from wind-tunnel 
tests. The effects of the presence of the tunnel walls on 
the rolling and yawing moments measured in the wind tunnel . 
are therefore of particular interest. Wind-tunnel- wall ef- 
fects on .the railing and yawing moments due to aileron de- 
flection have been analyzed and corresponding corrections 
calculated by Boning and Van der Maas (reference l) for a 
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model with ailerone extending to the wing tips In a circu- 
lar vind tunnel. Stewart (reference 2) has extended the 
analysis of the tunnel-wall interference on the yawing mo- 
ment duo to aileron deflection to the case of ailerons set 
in from the wing tips for circular wind tunnels.' Swanson 
(reference 5) has investigated the effects of tho tunnel 
walls on tho major foroos and moments noting upon yawed mod- 
els in closed rectangular wind tunnels. In the presont 
paper an analysis is mado of the modifying effects of tho 
prosenco of tunnel walls on the rolling and yawing moments 
due to aileron deflection for models in closed rectangular 
wind tunnols. Corrections are developed hy whioh the roll- 
ing and yawing momentB determined from the wind-tunnel tests 
may he adjusted to equivalent froo-air values. 

It should he noted that it in possible to obtain siraila 
corrections from the results of the analysis of reference 3. 
This analysis, however, was undertaken principally to inves- 
tigate the validity of tho assumption commonly made in prac- 
tice that the tunnol-wall corrections whioh are applied to 
unyawod models may also bo applied without modification to 
yawed models. It consists therefore of a comparison of tho 
tunnel-wall corrections calculated for yawed models with the 
corresponding corrections for unyawed models and is not ad- 
vanced as a general method for computing these corrections 
for unyawed models. The computational procedure involved in 
the evaluation of theec corrections for any unyawed model In 
considered too laborious to permit tho gonoral application 
of the method of reference 3 in practico. 

The following development has been so simplified by the 
inclusion of convenient nondlmonsional parameters and graphs 
as to permit a very rapid determination of the tunnel-wall 
corrections to the rolling and yawing moments due to aileron 
deflection for any model in closed rectangular wind tunnols 
having height-to-breadth ratios of 0,700 or 0,667. These 
height-to-breadth ratios (for 7- by 10-f^ and 8- by 12- 
ft . wind tunnels) are by far tho most commonly found in 
practice. The corrections derived by the method of this re- 
port are not appreciably affected by small differences in 
test section proportions; hence the graphs presented may be 
applied with sufficient accuracy to wind tunnels with height 
to-broadth ratios in the neighborhood of 0,700 and 0,667, 
respectively. 7or wind tunnels of relative proportions 
markedly different from 7 by 10 feet or 8 by 13 feet, the 
general method may be applied to obtain the corrections for 
a particular model. 
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SYMBOLS 

r vortex strength, magnitude of ' clrculat Ion 

r 

v wing circulation 

t« 

a aileron circulation 

Y free-stream velocity 
v Induced upwaah velocity 

v 1 upwaah velocity induced at center of wing by lmagea of 
wing lift distribution 

w n upwaah velocity induced at any apanwiae station of wing 
hy lmagea of aileron lift ayatem 

S wing area 

a wing aemiapan 

a a aileron span 

c chord 

o mean aerodynamic chord 

a x distance from plane of symmetry to inboard end of 

aileron 

a distance from plane of symmetry to outboard end of 
3 aileron 

A aapect ratio 

A taper ratio 

b wind-tunnel breadth 

h wind-tunnel height 

y spanwiae distance from planed Of "symmetry * 

lift coefficient 
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Cj section lift coefficient 

G|' measured rolling-moment coefficient 
ACj correction to rolling-moment coefficient 
Cj corrected rolling-moment coefficient 

C 1 measured yawing-moment coefficient due to aileron de- 
n flection 

AG correction to yawing-moment coefficient due to aileron 
a deflection 

C n corrected yawing-moment coefficient due to aileron de- 
flection 

m Q section lift-curve slope (per radian) 

p mass density of air 

THEOBY 

The problem presenting itself for analysis is separable 
into two parts: first, the analysis of the effect of the 

tunnel walls on the flow over the model with its correspond- 
ing effect on the measured characteristics; and second, the 
evaluation of corrections to modify these characteristics to 
their equivalent free-air values. 

Consider a wing of finite span mounted in a closed- 
throat wind tunnel. If the tunnel walls be replaced by a 
suitable system of images of the wing as in figure 1, it can 
be seen that the walls induce velocities over the wing which 
are not present in an unconfined air stream. These veloci- 
ties are of directions which alter the flow of air past the 
wing, thereby affecting its aerodynamic characteristics. The 
effects of these tunnel-wall induced velocities on measured 
characteristics have been analyzed by many investigators and 
are well known. If an aileron is nov deflected on the wing, 
the effect of the tunnel walls is to induce a velocity over 
the wing which is proportional to the circulation about the 
aileron. This velocity is variable across the span and there- 
fore distorts the flow pattern about the wing in an unsymmet- 
rical manner, producing rolling and yawing moments which do 
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not exist In free air. Another induced, yawing moment results 
from the .lnt.enac.tion of the resultant tunnel-wall induced 
velocity existing before aileron deflection and the circula- 
tion about the deflected aileron. 

The steps in the evaluation of the induced rolling and 
yawing moments are laid down as follows: The tunnel-wall 

Induced upwash velocity acting over the wing is first deter- 
mined. The upwash velocity induced by the walls due to a 
downward deflection of the right aileron alone is next deter- 
mined. From these two induced velocities expressions for ■ 
the induced rolling and yawing moments are developed. The 
final numerical evaluation of the induced moments is depend- 
ent upon the respective dimensions of the model and the wind 
tunnel in which the test is made. 

In any determination of induced velocities and conse- 
quent Induced aerodynamic forces and moments, the. type of 
lift distribution over the wing is of prime consideration. 
This distribution may be different for every model tested, 
but can be closely approximated for most models by an ellip- 
tical type of distribution. A rigorous mathematical develop- 
ment of expressions for the induced yawing moments for an 
elliptical distribution of lift, however, is precluded by 
the complexity and general inapplicability in practice of 
the results obtained by such a development. It is possible 
by making several simplifying assumptions in the mathemati- 
cal treatment to reduce the results to a practicable form 
without affecting the basic analysis in any way. According- 
ly, in the following development the simplifying assumptions 
are made of a uniform lift distribution and a constant span- 
wise distribution of the tunnel-wall induced velocity exist- 
ing before aileron deflection. Although these assumptions 
are strictly valid only for models of span less than half 
the tunnel breadth, they permit a very satisfactory determi- 
nation to be made of the manner in which the induced yawing 
moments vary with model and wind-tunnel dimensions. 

Induced yawing moments corresponding to the elliptical 
type of lift distribution are subsequently evaluated numer- 
ically for several model and tunnel configurations selected 
so as to cover the complete range of practical Installations. 
Models vi't'h span v&fylng 1 within the -approximat e limits of 70 
to 90 peroent of the tunnel breadth are investigated in thiB 
manner, and the induced moments so calculated plotted as 
functions of the model and tunnel dimensions. From these 
calculations corrective coefficients have been determined 
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which modify the first approximation of the induced moments 
to a degree closely approximating the values corresponding 
to aotual loading conditions. These corrective coefficients 
are applied to the final expressions developed for the in- 
duced yawing moments. 


INDUCED UPVASH VELOCITIES 


Consider -» wing mounted in a closed rectangular wind 
tunnel so that the model axes are coincident with the wind 
axes. A system of coordinates (x, y, 2 ) of the model is 
chosen so that the axis of x is parallel to the direction 
of air flow, the axle of y le horizontally perpendicular 
to the direction of flow and located in the plans of the 
wing quarter chord, and the axis of 2 is located vertically 
in the plane of tho wing quarter chord (fig. 2). The right 
aileron alone is deflected downward. 


Let it he assumed that the wing can be replaced by a 
lifting horseshoe vortex of strength r w . Similarly, let 

it be assumed that the u asymmetrical vortex system produced 
by the deflected aileron can be treated ae an elementary air- 
foil with constant circulation r n and a pair of trailing 

vortices of strength r a . The tralllng-vortex system then 
consists of the principal trailing vortices existing before 
the aileron deflection and the eccentrically located aileron 
trailing vortices. To satisfy, in the analysis, the boundary 
requirement cf zero normal velocity at the walls, a doubly 
infinite series of Images of the vortex system is Introduced 
(fig. l). For simplicity in further treatment, the aileron 
system alone is shown in figure 3. 


The upwash velocity Induced at the lifting line by the 
images of the uniform Bpanwise lift distribution has been 
calculated for closed rectangular wind tunnels by Glauert 
(refsrer.ee 4) and F.osenbead (reference 5) as 


w 1 



is, y 

3 

p=i 


p 

1 + e 3Trph/b 


( 1 ) 


The normal velooity induced at the center of the lifting 
line by an image' of the aileron trailing vortex of strength 
r a located at the point (y, 2 ) is 
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Similarly, the upward component of velocity lnduoed at any 
point y of the lifting line hy all of the images of the 
aileron vortex system for a downward aileron deflection may 
"be written as 


w n a 


4tt 


y ( i ^n r l i__ 

ZL \nb + (-l) n a. - y nh + (-l) n i 

n= l 


a a - 7 


* i i 1 

nh - (-l) n a a + y nh - (-l) n a 1 + y-l 


00 CO 


♦ 3 Y T (-D n r jiii ( - 1} ». - y 

m=i n=i ^ ( mh) 3 + (nh + (-l) n a s - y 


) ; 


nh + (-l) n a 1 - y 


nh - (-l) n a 1 + y 


(mh) 3 + (nh + (-l) n a 1 - y) S (mh) 3 + (nh - (-l) n a 1 + y) 

nh - (-1 ) n a a + y 


(mh) 


nh - ( -1 J a a + y 

3 + (nh - (-lj^aa + y) 3 J 


+ a y (-i) 

nil 


m-i 


a a - 7 

a i - y 

► 

(mh) 3 + (a a - y) a 

(mh) 3 + (a x - y) 3 

J 


> (2) 


By euhst ituting for one infinite series its sum of the gen- 
eral form 


OP 

Y (-D "- 1 


m=i 


a. s . a _ 

m h + x 3x 2h 


_L - JL csch 21 x 
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aquation ( 2 ) may be simplified to 


r n = f — — — i + H each — (a, - y) - — each — (a 

4 tt La a - y a 1 - y h h 1 h h 3 

00 

+ y (-l) n |z csch!L(nb + (-l)n a . “ y> 
n=i U h 


- y) 


os 


ch— (nb + (-l ) na 3 - y) + — cech£ (nb - (-l) n a a + y) 


- H cschll (nb - (-l) na i- + y) 1 ^ 

h h J J 


(3) 


B0LLI1T&-MCMSUTT COSRBCTIOST 


By virtue of the Kutta- Joukowskl vortex theory of lift, 
the rolling moment produced by the positive circulation of 
the deflected right aileron may be expressed as 


1 


r aa 

p v j r a y d y 


ai 


(4) 


'Since the aileron 

constant over the 
int egrat i on 


circulation I’ a has bean assumed to be 
aileron span, equation (4) becomes, after 




which in coefficient form is 


0, * 


2VSs 


/ s a \ 

(a 3 - a x ) 


(5) 
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She Induced upwash velocity v n effectively increased 
the angle of attack of the wing "by the angle w n /V, where 
T is the velocity of the uiidi''Btu'rb‘ed ' stream. She increase 
in lift of any section brought about by this change may be 
expressed as 



m 

o 


w|| 

T 


where m Q is the slope of the section lift curve (per radian). 

Because the induced velocity w n is variable across the span,’ 
the wing may be considered to be effectively twisted by the 
angle w"/V, and subject to the consequent rolling-moment in- 
crement 


AL 



cy dy 


( 6 ) 


She factor — — - is introduced in this expression because 

A + 4 

the rolling moment aotually experienced by a wing twisted 
through the induced upwash angle w n /V is approximately - — . 

A + 4 

times the rolling moment calculated for a wing of infinite 
aspect ratio (reference 6, p. 103)* Shis factor holds strictly 
for wings of elliptical plan form only, but is considered suf- 
ficiently accurate for wings of other plan form in view of the 
fact that the rolling-moment correction is but a small frac- 
tion of the total moment. 


A numerical evaluation of the Induced rolling moment from 
equation ( 6 ) for the general case of a wing with variable 
chord is not feasible because the spanwise variation of wing 
chord is different for almost every model tested. So avoid 
this complication the mean aerodynamic chord is substituted 
for o in equation ( 6 ). Shis assumption of constant chord 
permits the Integration of the right-hand side of the equation 
for the general case without further difficulty. It now re- 
mains to account for the modifying effect of a variable chord 
on the value of the rolling-moment increment calculated for a 
constant mean aerodynamic chord. 

Equation ( 6 ), or its equivalent, has been numerically 
evaluated for several model and wind-tunnel configurations 
comprising the complete range of practical Installations - 
that is, for model spans ranging from approximately 70 to 90 
percent of the tunnel breadth, and for taper ratios from sero 
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to unity. The results of these calculations have beer, com- 
pared with the corresponding Induced rolling moments as deter- 
mined by the method of this report for constant mean aerody- 
namic chords. ?rom these comparisons the correction factor 
E x has been determined as a function of taper ratio (fig. 4), 

and is introduced in equation (6) to adjust the induced roll- 
ing moment calculated from the graphs of this report for the 
mean aerodynamic chord to very nearly the actual value exper- 
ienced by a wing of any particular plan form. The variation 
of Ei with the ratio of model span to tunnel breadth was 
found to be negligible over the range of ratloB investigated. 
After making the Indicated substitutions, equation (6) 
become s 

8 

AL = E, — A — m_ 9&X . j ydy 

1 A + 4 0 2 J 

-8 


The indicated integration is ocptplicated and tedious and 
is therefore performed In the appendix. The result has been 
numerically evaluated for all practical models having the rel- 
ative proportions of 7- by 10-feot and 8- by 12-foot wind tun- 
nels and has been presented graphically in figures 6 and 6, 
respectively. Ab a convenient simplification, the nondimen- 


sional parameter 

moment increment 
beoo^o b 


7 


»($) 18 lnt roduced. Seducing the rolling- 


to coefficient form, equation (7) therefore 


AO; = Kj. 


—A— goJgTft \i x ( 5±) - 

A + 4 8tt V B S L V W 



( 8 ) 


where (of. appendix) 

- s 


ydy 


The expression for the induced rolling-moment coefficient may 
be rewritten as 



E, 


m, 


cb 


A + 4 4rr(a. 


- a. 


t[ Ti (t)- ’»(^)] t9) 
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In the evaluation of the 1*01 ling-moment correction - 
( equat I on ( 9 ) ) , for : a particular model, the coefficient. 

ie determined, from- figure 4 and values of 7 X ^ ’afe“ taken 
from figures B and 6. 


The relation between the free-air rolllcg-momont coeffi- 
cient and the wind-tunnel rolling-moment coefficient is then 
finally 
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YAWIHS-HOHENT CORRECTION 


Again in accordance with the iPuita- Joukowskl vortex 
theory, a goneral' expression for the induced yawing momout 
about a piano of symmetry produced by a circulation between 
tho limits of y and -y may bo evolved as 



or in coofficiont form 




In tho f ollowing development * the induced yawing moment 
due to the deflection of the right aileron alone on a wing in 
a closed rectangular wind' tunnel is spilt into three incre- 
ments each of which is treated separately.' The upwash veloc- 
ity w' induced by the images of the Uniform lift distribu- 
tion, and the aileron circulation IV produce a lower drag 
over the aileron span than that existing before aileron de- 
fleotlon. This asymmetrical reduction of drag produces a 
yawing moment the coefficient of which is denoted' by • 

The upwash velocity w n induced by the images of the aileron 
lift system and- the constant circulation r w about the wing 

produce a yawing-moment incromont whioh in coefficient form 
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la denoted, by A . A third yawing-moment Increment corre- 
spondingly denoted by A0 n la produced by the induoed up- 

wash velocity w” and the aileron circulation T a . 

& 


rawlng-moment correction A0 n .- 


AC, 




wT ydy 
a 


(11) 


Since r a hue been assumed constant, aubatltution of equation 
(1) for w* In equation (ll) yields 


- °L -I s - 

1 8b a V a 


H. + 8w 

3 


CD 

I 




1 + e aTtph/b 


Cl . 

/ 


ydy (13) 


Aa dl a cussed previously In this report the actual lift 
distribution is not uniform and the Induced upwaeh velocity 
Is not constant across the span. Accordingly, the yawing- 
moment Increment of equation (13) must be modified for the 
elllptloal lift distribution and for a variable spanwise In- 
duced upweiah velocity. For this purpose yawing moments have 
been numerically evaluated from equation (ll) for the vari- 
able induced upwash velocity corresponding to an olliptical 
lift distribution for model spans ranging from approximately 
70 to 9C percont of the tunnel breadth, and for aileron spans 
from 30 to 50 percent of tho model semispan, and compared 
with corresponding moments computed from equation (13) . From 
these calculations the corrective coefficient has been 

determined as a function of the model span to tunnel-breadth 
ratio for several aileron spans (fig. ?) and Is introduced in 
equation (13) to adjust the yawing-moment correction to ac- 
tual loading conditions. Integrating and making the addi- 


tional substitution r a = Ol 
therefore gives 


in equation (ll). 


— a 3 

a a “j. 


AC 


n x = K sC L c l 


TfS 
34b 3 


Y P 

p 4i 1 + e 3TT P h / ^ 


1 + 24 


(13) 
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where values of K a for any particular model are taken from 
figure 7. In practice It 1 b never necessary to evaluate more 
than the first two terms of the Inf ini-te- series . ■ - 


Yawina-moment correction A°n a - 


AO n 3 ■ 3“ f w " r w ydy 

ST s J 

-B 


(14) 


7or a .uniform lift .distribution r w may be replaced by 
C L TS 

cl 


48 


giving 


AC 


n a 


■jl r w« 

4 T s a J 


ydy 


- B 


Making the substitution (see equations (8) and (9)) 


/ - ^ [’* (t) - 11 (t)] 
-8 


equation (15) becomes 


AC 




(16) 


(— ) ] <i6) 

ISttTs L X b ' V b ' J 


To modify thlB correction to actual loading conditions 
a corrective coefficient (0.76), determined by evaluating 
numerically equation (14) for the elliptical distribution of 
circulation T w for model spans ranging from approximately 
70 to 90 percent of the tunnel breadth and comparing the re- 
sults with those calculated under the assumption of constant 
circulation, is introduced in equation (17) . Substituting 
for r its eauivalent , equation (IS) is therefore seen to 

become 



0.75 0 L 0 v 


Sb 


8TTs(a a a - a x ® ) 




where values of Pi | ~ 

1 \ b 


are 


given in figures 5 and 6. 
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Tawin g -rngmant correcti on AC n!j ._ 

W'r a yd7 


A ° n 3 " SV 3 


* I 


(IS) 


The Indicated integration is very tedious and is there- 
fore performed in the appendix. The numerical evaluation of 
the result 1 b equally tedious for any particular model. Ac- 
cordingly, numerical evaluations of the result have teen made 
for all models' of usual size in Wind tunnels of the relative 
proportions of 7- "by 10-foot and 8- "by .12-foot wind tunnels 
and are presented graphically (figs. 8 and 9) in- terms of the 

/ a l a 3 \ 

nondimenslonal narameter Ta \ Tor deflection of the 

* h b ' 

right aileron alone, then, equation (18) ‘becomes 


where ( cf . 


and values 


Ssh /a. a_\ 

AC = -C , a 7_ ( -i, ) 

n 3 1 tr(aa 3 - »i ! ) 8 ’U' t / 

* 

appendix) a a 

'• (t- V )• i r,f 


( 19 ) 


are given in figures 8 and 9« 


Total yawing-moment correction ACn.- The total tunnel- 
wall correction to the yaving-moment coefficient is the sum 
of the three incremental corrections developed in the fore- 
going. 

A0 n - AC n] + A0 na + AC^ 

This correction is subtracted from the wind- tunnel-measur ed 
yawing^moment coefficient to obtain the free-air yawing- 
moment coefficient. Thus, 

°n - - *°n 



HAG A ARB Ho. 4721 


16 


If the HAOA sign convention for airplane momenta la 
adopted, the sign of AC n is negative for up or down de- 

flection of the right aileron alone and la positive for up 
or down deflection of the left aileron alone. If hoth ailer- 
ons are deflected equally, ^a 3 'becomes zero while the 

correotiona A0 ni and A0 n3 remain the same. 

For differential aileron deflectiqn and positive rolling 
direction, AOn x and AC,^ are unchanged hut AC^ becomes 

AOa, = (ai L -> - 0 la 3 ) (30) 

ir(a a a - ax 8 ) 3 x *3 * ' 


where the second subscripts refer to left and right aileron 
deflections, respectively. For the negative rolling direc- 
tion, the aigr. of AC^ must he reversed. 


ILLUSTRATIVE EXAMPLE 


The following example serves to illustrate the manner 
in which the rolling- and yawing-moment corrections are de- 
termined for the deflection of the right aileron alone on a 
typical model in a 7- by 10-foot wind tunnel of closed throat. 
The procedure 1 b, in general, the eame for the deflection of 
either aileron alone or hoth ailerons simultaneously . 

The dimensions of the typical model selected are: 


Wing area, S ; . . . . aq ft . . 10.47 

Wing semi span, ft . . 3.98 

Inboard aileron end location, a : ft . . 1.98 

Outboard aileron end location, a a ft . . 3.81 

Mean aerodynamic chord, c ft . . 1.46 

Aspect ratio 6.1 

Taper ratio 0.34 


Rolling-moment correction ..- From .equation (9) the rolling- 
moment correction is 


AO; _ K A m 0 cb 

Ol ~ 1 A + 4 4-rr(a s a - a l 3 ) 
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Bor the given model dimensions, 


and 


K 1 * 0.69 


from figure 4 




from figure 5 


Bor an assumed lift-curve slope of 6.0 per radian the correc- 
tion is therefore evaluated as 


= 0.59 § . 10 y . (0.142 - 0.016) 

°l 10.1 4tr(?T5T 3 - TTST*) 


or 


= 0.034 
Cl 

From equation (10) tho froe-air rolling-moment coefficient 
is 


Cl = 


ci 


AC, 

1 + 1 

Cl 


or 


Cj = 0.967 Cj 


Yawing-moment .correction .- The incremental yawing-moment 
corrections ore evaluated numerically in order as follows: 

(a) From equation ■ (13) 

ITS 


AC ni = Kg Ol Cj 


24V 


1 + 24 


CO 

T 

c I 

p=i 


JE 


1 + e 3Trpli/h 


where, from figure 7, for the given dimensions 
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hence 


£0 t 


Kg = 1.14 


1.14 C L 0, (1.30) 

* 2400 


AO ni «= 0.030 Cl Oi 
(b) Prom equation (17) 


AC na = 0.76 C L Oj , — SI 

a„„ < - 3 . 8\ L ' b ' ' b /J 


8 ttb (a 3 a - a x s ) 


evaluating numeri cally , 


A0 n . 0.75 0! C j -A°4^7.(0^1 42 - 0.01 6) 

3 81 .( 3 .ssXS^T* - I7W 3 ) 


AC ne = 0.009 Cl Cl 
(c) Prom equation (19) 


ACti_ — — c 


from figure 8 


» a - v *»(>• -) 

ir(a a a - a x a ) a > b h ' 


’ 3 («)v°- 


079 


OOn, . -C, 3 ■, l °-47_ (, 3 .9 8 ) 10_ (0 079) 
Tf(5.ai - 1.98 .) 


AC n 3 -0.094 Ci J 


therefore 
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The t-otal correction, to the yawlng-monent coefficient 
ie therefore 

AC a = 0.029 Cl Ci - 0.094 C\ a 
and the freo-air yawing-moment coefficient la 

°n = °n “ (0-039 °L °i - 0.094 0 ; a ) 

ACCUHACY ASD LIHITATIOITS. 


The Initial aaaumption of constant circulation over the 
wing has already "been discussed in the theory and in the de- 
velopment of the corrections. The final corrections are mod- 
ified for the elliptical distribution of circulation which 
very nearly represents the actual loading. 

The additional assumption is made that the vortex sheet 
leaving the wing extends undisturbed an infinite distance 
downstream. Actually the sheet rolls up into a pair of trail- 
ing vortices in a finite distance downstream of the ving, 
thereby effectively shortening the span. The error introduced 
in the analysis of the wall interference by neglecting thiB 
effect is difficult of determination but is believed to be 
small in comparison with the absolute value of the corrections. 

P-eplacing the aileron circulation by a horseshoe vortex 
produces an abrupt discontinuity in circulation at both ends 
of the aileron. Actually the increase in circulation intor- 
duced by the deflected aileron is carried ovar to the wing 
smoothly and extends over a distance somewhat greater than the 
aileron span. For the normal-size model, however, this sim- 
plifying assumption is entirely Justified. 

Then the modol becomos unduly large (l.e., when its span 
becomes greater than 0.9 times the breadth of the tunnel) the 
initial assumptions probably break down seriously, affecting 
the accuracy of the corrections computed by this method. 
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OOHCLUSIONS 


The method of thlB report permits. a rapid and convenient 
determination of the corrections to the rolling and yawing 
moments due to aileron deflection on models in wind tunnel? 
with height-t o-hreadth ratios of 0.700 and 0.667, respectively. 
Bor wind tunnels of any other section, the general method, in- 
volving the evaluation of several complicated integral expres- 
sions, is applicable. 


Ames Aeronautical Laboratory, 

national Advisory Committee for Aeronautics, 
Hoffett 71 eld , Calif. 
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APPEND IX‘ 

XTAHUrEON OP THE EXPRESSION 



a 

v"ydy 


-6 


• ( 1 ) 


The velocity w H le the net upvash velocity induced 
by the images of the aileron lift system; that is, 


tr 




n 

l 


where 

w « 

and 

w n 
w a 

are 

the 

velocities 

lndu 

the trail 

ing vor 

t ices 

at 

y = 

a x and y 

= a a 

Hence 

(1) 

may be 

wr itl 

b en 

as 
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n 


n 

B 

s 

n 




J " 

yd y = 

I 

W n 
W a , 

ydy — / w" 

iydy 



-a 


- 8 


-B 



respect ively . 


The velocity at any point on the lifting line Induced 
by. the iraagOB of a vortex of strength located at y = a 


Nov let 


I s f— - 

c e ch £ ( a—y ) 

4tt \a— y 

h h 

f (-D“ 

i—_ 1 

csch ■£- ^nb + (— l) 

1=1 

*• 


nb— (— l) n a + y J 


(v) ■ 

- R 


Substitution of w n a 


in this expression gives 
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... ?!. (f) -JJ /T £==ar_ CBOll E (s-7> 


00 

- Z f§ ° BCl1 E + (-1)n •“*) 


n«=i . 

- 2 each g' ^ nh-C-l) 11 a+y)^^ 1 


ydy 


or, Ii 


(f) " 


= (li — la *■ I3 + ^ 4) 


( 2 ) 


where 


= 1 


r 


z£z 


h J a-y 


-8 


■if 

-a 
B 


O each ~ (a—y) ydy 
n n 


00 


1 , = 


i | (— l) n 2 cBch 2 '( 111 )+ (— »l) n a-y ^ ydy 

h . I ~ — * h h » ^ 


-s 


n=i 


D 

i I > (-i) n * each i nb»(a»l) 11 a+y ) 

riSf h h \ ' 

— B 


a+y J ydy 


Considering each expression in turn, it ia noted first that 

- _ a . B+a 2 b 

1 b e-a d 


Letting z b 3 (a— y) 
h 

2 (a— b ) 
h 


I- = i 


ttT) 


L 


z each z dz 


g(a+s) 


~' % 1 . 


^(,a~B ) 


oach z dz 


g(a+s ) 


The first integral of this oxpreaaion may he evaluated hy 
representing the function ae the bus of two aeries and in- 
tegrating the terms individually. For z a < tt 3 , 
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r , a 3 . 7 b b si b 7 f* \ 

J 1 C80h * 4 * ’ * " 18 f 1800 " 106 840 ' ‘ { ’ 

for z a > tt s the function may "be represented by a Taylor'B 
series expanded about the point p such that 


( s - p) < 1 


Thus 


f"(p) 


f(z) = z ob ch z = f(p) + f 1 ( p ) ( z-p ) + — (b-p)‘ 

3 I 

+ (.-p)” 


It may be necessary to represent the function f(z) by 
several such rorieB to ensure rapid convergence. For ss s >TT a 

P z csch z dz - f(p)z + — — (z— p) a + — — (z—p) 3 . . • 


( z-p) 1 


tanh 


Performing the indicated integration then 

i = a talLh m ( + a + h )[ | (a ~ a) l 

” 1 . tank JL (■-») h *"l 11 

2n ^ 

7 Flf (■“») I** 31 [tt f b— a ) I o- 


1800 


bu is 


T r I - 1 

7|"g ^ 8 ~ a) 31 £ ( 8— a ) j _ 2s 

1800 105 840 J * 

( S *)* 7 ( r s )“ 3 i (;») 7 


1800 105 .840 




I 3 and I 4 are evaluated similarly in the following: 
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on 

■ I 3 = 'F / X h Cse - 5 ( nb+ ^“ 1 ) n a ~7^ 7<iy 

•is n=i V " 

It can to shown that for 0.5 < -^ < 1.5 terms "beyond 

D 

n = 2 are negligible- and oan be neglected vita but a small 
loss In accuracy of the corrections. Therefore 


i, - a* o i, (x-i) t> taah g 

^ / ti-nh ~(2b+a—s) ) t anh JL. ( b-a+s ) 

2h 


3h 

bn 


f k 

S l [««w> - *<»*>] 

L R'X 


+ h(e)“| t <p k )] 

l k=1 


where p is tho value of z at the point about which the 
Taylor^ series for f(z) = z csch z is expanded when 


* - (b-a-y) 


and q is the corresponding point when 


z = g- ( 3b+a— y) 


k is tho number of convergent Taylor's series used to repre- 
sent f(z). The greater k the nort rapidly the several 
series converge. Three series are generally sufficient. 


Tor all practical cases it is sufficient to retain only 
the first four terms cf the expansion (3) with no sacrifice 
in accuracy. 




csch £- ^nb-(-l) n 
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tanh 2V-a+s ) 
tanh •—( 2 b— a— s ) 


T . (A_ 2^ , n _ 

^ ' tanh — L( 2b— a—s ) ^ ^ 
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tanh b+a — b ) 


1 n 


2h 


£h 

on 


tanh ■^■(h+a+a) 

2 II 


i 1 k I L fU ’ k) ‘ f(l ” k> ] 


k 

r , . i 


y 

1 f(q« k ) - f»(p* fc ) 

> 

Lk=x 




p 1 is tho value of a at the point about which the series 
for f(z) is expanded when 

z = .f ( b+a+y ) 
h 

and q 1 ia the corresponding point when 

z = ^ ( 2 b-a+y ) 

Prom the foregoing development, expression ( l) is seer, 
to become 

f ' r " 7ly = 17 {*» (I’) - r ' (l)j (5) 

- s 

»nd !,(%) may be evaluated by substituting- the numerical 
values of the model dimensions in equation (2). 


EVALUATION OJ THE EXPRESSION 





( 6 ) 


Let 


w”ydy 
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How 


w" = J + - os ch 2( a ,-y) - - csch- 
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a* 4 J 
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r* 3 °\ r 
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Evaluating the integral expressions 
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where, as before, m Is the value of z at the point about 
which the Taylor^ series for f(z) = z csch z is expanded 
when 

and n is the corresponding point when 

■ - t ( 2 * 
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ttTj / a a -a. \ 
That is. > = - (2 - 

Similarly, 
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~ may he evaluated hy substituting numerical 

values of the model dimensions ln equation (7) 
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Vigors 7.- Yaning-uament-correction coefficient, Kg 
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